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CN ; Abstract 
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Q ' A simple, but effcient way of calculating regularized Casimir energies suitable for 

■ non-trivial frequency spectra is briefly described and applied to the case of a kappa- 

Cf^ ■ deformed scalar field theory. The results are consistent with the ones obtained by other 

means. 

> _ 

^ ■ 1 Introduction 



The evaluation of Casimir energies P] associated with confined zero-point fluctuations of 
! quantum fields depends on several factors, the more relevant ones are the nature of the 
quantum field, the type of space-time manifold and its dimensionality, and the type of 
boundary conditions imposed on the fields. All these factors taken together can lead to 



O 



X 



QhI relatively simple dispersion relations, e.g.: a massless scalar field under Dirichlet b.c, or to 
^ I rather complex ones, e.g.: a massive fermion field under MIT b.c. Recently a very simple, 
but rather powerful way of calculating regularized Casimir energies suitable for non-trivial 
frequency spectra was introduced in the literature [21 • This technique relies on well-known 
H ' theorems of complex analysis, to wit: the Cauchy integral formula and the Mittag-Leffler 
expansion theorem in one of its simplest versions. The method was successfully employed 
in the evaluation of the Casimir energy of a massive fermionic field confined in a ci + 1- 
dimensional slab-bag [2] and also in the evaluation of the Casimir energy of confined bosonic 
and fermionic fields in the presence of pertinent b.c. and a uniform magnetic field jHj. Here 
we will sketch the application of this method to the evaluation of another example of a 
sum over a non-trivial frequency spectrum, namely: the one associated with the regularized 
Casimir energy of a kappa-deformed scalar field. 
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2 A sum formula 



Consider a quantum field in a c? + 1-dimensional flat space-time under b.c. imposed on 
two hyperplanes of area L'^~^. The distance between the hyperplanes is i, hence there is a 
restriction on one of the spatial dimensions, the OXd axis. Suppose I. At the one-loop 
level, the (unregularized) Casimir energy is given by 



Jd-l 



(27r 



where a (d) is a dimensionless factor that takes into account the internal degrees of freedom 
of the field and 



(2) 



where pi = Pi + P2 + ' ' ' + Pd-i^ ^ is the mass of an elementary excitation of the field and 
A„ is the nth real root of the transcendental equation determined by the b. c. It is shown in 
Ref. j2] that Cauchy integral formula and Mittag-LefHer expansion theorem carefully applied 
allow us to recast the sum above into the form 



Eo (d) = a {d) 



d'^p 
(2^ 



log 



1 + 



Koiz) 



where z is defined by 



(3) 



(4) 



with q as an auxiliary complex momentum. The functions Ki (z) and K2 (z) must be con- 
structed from the boundary conditions. This last relation gives the regularized Casimir 
energy. For details see [21, and see also [3] for a simple example. It can be shown jlj that 
this method can be extended to the case where the sum we must evaluate is performed over 
a function of fin, i-e.: 



Eo (d) = a (d) 



L 



d-1 



n (277 j 



(5) 



This is precisely what happens when we consider a kappa-deformed scalar theory. Kappa- 
deformed theories are theories whose associated symmetry groups depart from the usual 
symmetry groups of standard quantum field theories, e.g.: the Poincare group. This depar- 
ture is measured by some convenient parameter, say k. 
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3 The Casimir effect for kappa- deformed scalar field 
theory 

The kappa-deformed Klein-Gordon equation in 3 + 1 dimensions is given by (see j3] and 
references therein) 



V' - I 2fi:sinh ( — 
2k 



— m 



<P (X, Xq) 



0, 



where k is a parameter with dimensions of a mass. The on shell condition reads 



p2 - 2Ksinh 



2k 



— m 



(6) 



(7) 



Upon diagonalizing simultaneously the operators P and Pq we obtain a new frequency spec- 
trum which is given by 

u (p) = 2fi;sinh^"'^ ^— -y^p^ -|- m^^ (8) 

Suppose Dirichlet boundary conditions are imposed on two parallel surfaces perpendicular 
to the OXs-axis. Then 



(2vr) 



(9) 



where for convenience we have defined t] := 1/2/t. By applying the techniques described in 
[2] to this more complex case we obtain 



/■ c?^ j9_L / J 2g^ sin ^{■r]q) 



^q' + ni q 



(10) 



where as before q plays the role of an auxiliary momentum. The pole structure of the 
above equation is the same as in the absence of deformation, moreover, we can consider 
the boundary conditions as being the same. In our case this will mean Dirichlet boundary 
conditions applied to the undeformed case. 
It follows from Eq. (HH that 



dq 



(27r)3 Jo y/1 — rfq' 



log 



1 + 



Ki{z) 
Koiz) 



where Ki [z) and K2 {z) are two functions that can be read out from the boundary conditions 
0. For Dirichlet b.c. we have Ki {z) = -€'^2 and K2 (z) = 6^2, with z = i^Jpl + q^ [3J. 
Taking these two functions into Eq. (fTTjl we obtain 



dq 



^/l^^rfq- 



log 



(12) 
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which is in agreement with jS]. If we take the hmit rj ^ after some manipulations we 
obtain 



which leads to the original Casimir energy for this situation jH]. 

4 Final remarks 

In this brief note we described an alternative method for summing over non-trivial frequency 
spectra and applied the main result to the problem of evaluating the Casimir energy of a 
kappa-deformed scalar theory under Dirichlet boundary conditions. The results obtained are 
consistent with the ones obtained by other methods and hold for quantum electrodynamics 
between parallel plates. This method can be also applied to other non-trivial examples. A 
more detailed account of the extension of the technique employed in the example discussed 
here is in preparation and the results will be published elswhere. 
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